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Abstract
Many microhylid frog species, such as the tomato frog, Dyscophus sp., have demonstrated
the ability to aim their tongues independently of head and jaw movements. However, a
trade-off between tongue-aiming and head-only aiming exists in which the former allows for
crypsis but lacks speed whereas the latter is faster but less accurate and more noticeable
to prey. For frogs that can move their tongues independently of their heads, under what
circumstances will they utilize each strategy, and why? We derive a model, dependent on
factors relevant for prey-catching, for the probability the frog will turn its head (and not
tongue) given the prey angle. Our model behaves as expected when altering prey-catching
factors, but underestimates head turning behavior with increasing prey angle. We later allow
for variance in perceived prey location to be a function of prey angle. We find such variance
must generally increase with prey angle.
Keywords: prey-catching behavior, mathematical model, tomato frog
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Introduction

Successful prey-catching traits are essential for the survival of predatory species. Through the process of natural
selection, the species that remain today have successful
mechanisms of capturing prey. A group of such species,
frogs, have diverse methods of prey capture [8]. The mechanics of projecting the tongue differs between frogs that
can aim their tongues independent of the head and those
that cannot. Frogs that cannot aim their tongues, such as
those in the Bufonidae, use rapid mouth opening to extend the tongue from the mouth [9]. This prevents these
frogs from being able to aim their tongues independently
of the head but enables extremely rapid tongue projection. Microhylid frogs, on the other hand, have evolved
unique muscles in the tongue that allow for independent
tongue movement, minimizing the chance of being noticed
by prey but at the cost of tongue projection speed. Microhylid frogs thus have a choice between turning their heads
towards prey, at the risk of scaring it off, and launching
their tongues straight with greater speed, or remaining
cryptic by keeping their heads mostly still while shooting
their tongues at an angle, but more slowly. This speedcryptic trade-off begs the question: if microhylids can use
both mechanisms of tongue projection, under what conditions will they utilize each strategy?
To answer such a question, we use a normative ap1 W. M.
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proach, attempting to identify and model the objectives
of frogs when it comes to prey-catching. To support a
stable evolutionary change, a continuous increase in energy acquisition from said change must be maintained [4].
Thus, to have the ability for its tongue to move independently of its head, a frog should experience an increase in
prey-capturing ability from such trait. Since an important challenge frogs encounter when attempting to catch
an insect in front of them is the insect moving before
the frog’s tongue can reach it, in order to capture more
prey, a frog may attempt to minimize the time it takes
for its tongue to reach the location of the prey. This creates an objective function: to minimize the time it takes
for the tongue to reach the prey. Time minimization has
previously been identified as the key factor driving foraging strategies in investigations into optimal foraging theory [1].
We derive a model for the probability the frog will turn
its head (and not tongue) given the prey angle. The
model is dependent on speed of head and tongue rotation,
time it takes tongue to reach prey for each prey-catching
method, and the variance of the angle at which the frog
perceives the prey to be located. Our model behaves as
expected when altering prey-catching factors, but underestimates head turning behavior with increasing prey angle. We later allow for the variance in perception to be a
function of prey angle, and fit to the data. We find such
variance generally increases with prey angle, consistent
with known properties of the visual system.
2022 Volume 8(1) page 1
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Background

To derive a model for how a frog catches its prey, we must
first develop an understanding of some basic probability
theory.
A random variable X is a function that maps a sample
space to to the real number line, X : S → R. Intuitively,
this means a random variable examines the outcomes of
some experiment, and turns those outcomes into numbers. The cumulative distribution function for a random
variable X is defined as

Tyler, Marzen, Monroy

Probability density functions allow us to view the probability of an event as a function of a random variable. We
call these functions distributions.
A very common and important distribution is called
the Normal Distribution. Normal distributions are frequently seen in real data, and are often used to model
random variables with unknown distributions. The normal distribution has the form


(x − µ)2
1
exp −
(3)
f (x) = √
2σ 2
2πσ 2

where µ is the mean and σ 2 is the variance of the distribution.
The integral of a distribution over all values of the diswhere P r means “probability of”. If there are a finite
tribution
should be equal to one if the distribution is to
amount of values that a random variable can take on, it’s
accurately
depict probability values, and a distribution is
called a discrete random variable. If the random variable
considered
normalized when this is the case.
has a continuous cumulative distribution function, it’s a
continuous random variable.
A probability mass function describes the probability 3
Model
of each value of a discrete random variable occurring. A
probability density function describes the relative likeli- To establish a probabilistic prey-catching model for frogs,
hood of a certain value of a continuous random variable we first need to make some assumptions. We will assume
occurring. The probability density function is defined as that, when attempting to catch a fly in front of it, a frog
does one of only two things: turns its head and shoots
d
its tongue straight towards the fly, or keeps its head still,
F (x).
f (x) =
dx
turns its tongue, and shoots its tongue out at an angle.
The value of the probability density function f (x) is ap- Presumably, the frog would select the option that miniproximately the probability of seeing a value in the inter- mizes the time for its tongue to reach the fly. To model
the probability of each option given where the fly lands,
val [x, x + dx) or P r(x ≤ X < x + dx)/dx for small dx.
we must consider the time each option would take given
An essential axiom of probability states that
a few parameters.
First, the frog does not necessarily perceive the angle
lim F (x) = 1
x→∞
that the fly lands at accurately. Let’s assume the angle
at which the frog perceives the fly to land, θ̂, follows a
or, equivalently,
Z
normal distribution with variance σ 2 based on the actual
f (x) dx = 1.
angle, θ. Though a normal distribution may seem like
x
a strong assumption, we can suppose that angle percepThis tells us that all of the probabilities of infinitesimal
tion is the weighted sum of many noisy cues, and so the
width in a probability distribution sum to 1.
Central Limit Theorem implies that our perception is a
Given the definition of conditional probability and this
normally distributed random variable.
essential axiom of probability, we can imagine that with
The frog turns its head with angular velocity ωh , or its
random variables X and Y , if we have the conditional
tongue with angular velocity ωt . When launched straight,
probability P r(y | x), and compute it over all space of X,
it takes time ts for the tongue to reach the fly. When
we are left with just P r(y). When considering continuous
launched at an angle, it takes time ta for the tongue to
probability distributions, this implies
reach the fly. This leaves us with the equation for total
Z
time for each of the following fly-catching methods:
P r(y) =
P r(y | x)f (x) dx.
(1)
x
|θ̂|
+ ts (Turn head, shoot straight),
(4)
τ1 =
ω
h
For a conditional probability P r(y | x, z), the probability
FX (x) = P r(X ≤ x) ∀ x ∈ R,

of Y conditioned on both of the variables X and Z, inte|θ̂|
τ2 =
+ ta (Turn tongue, shoot at angle).
(5)
grating over all space of X will produce a similar result:
ωt
Z
We are trying to determine the probability that a frog
P r(y | z) =
P r(y | x, z)f (x | z) dx.
(2) will shoot its tongue out straight given the angle the fly
x
www.sporajournal.org
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We assumed earlier that the conditional probability distribution of the perceived prey angle given the true prey
Phead (θ) := P r(frog turns head | θ).
(6) angle followed a normal distribution:
!
To compute this, we need to first understand how the
1
(θ̂ − θ)2
f (θ̂ | θ) = √
exp −
head-turning probability depends on the perceived prey
2σ 2
2πσ 2
angle. If we assume the frog will only turn its head if
that will take less time than angling and shooting out the which leaves us with
!
tongue, based on the angle at which the frog thinks the
Z α
(θ̂ − θ)2
1
fly lands, we obtain the following conditional probability:
√
exp −
dθ̂.
Phead (θ) =
2σ 2
2πσ 2
−α
P r(frog turns head | θ̂) = P r(τ1 < τ2 | θ̂).
(7)
We obtain
 



Based on previous findings in Dyscophus guineti, we as1
θ+α
θ−α
Phead (θ) =
erf √
− erf √
(11)
sume ωt > ωh and ta ≥ ts [7]. Using these assumptions
2
2σ
2σ
and algebra, we can rewrite Equation (7) as
where “erf” refers to the error function, a special func

ta − ts
θ̂ . (8) tion built in to computational software. This equation
P r(frog turns head | θ̂) = P r |θ̂| < 1
1
−
represents our model when we consider both positive and
ωh
ωt
negative values of θ. However, in the data available to us,

For convenience, we let α = (ta − ts )/ ω1h − ω1t . This the absolute value of θ has been taken. Thus, to match
parameter α encompasses four independent parameters in the data, all of our negative angles must become positive,
one. It is increased when the difference between the time so we will only examine the region θ ≥ 0.
to shoot the tongue at an angle, ta , and the time to shoot
the tongue straight, ts , is increased; and it is increased
Results
when either the rotation speed of the head ωh is increased 4
or the rotation speed of the tongue ωt is decreased. We
want to determine the probability given the actual angle To see how this probability distribution changes as a function of prey angle, and for different parameter values, we
the prey lands at, θ.
make plots via numeric analysis in the mathematical softAfter conditioning Equation (6) on θ̂, using Equations
ware Maple.
(1) and (2) from the background, and invoking a particuThe parameter α is ratio of difference in times for
lar definition of a Markov chain [2], we can say, using the
tongue to reach prey for an angled and straight shot to
Markov chain Θ → Θ̂ → Action:
the difference between inverses of head angular velocity
Z ∞
to tongue angular velocity. Thus, a larger α could either
Phead (θ) =
P r(|θ̂| < α | θ̂)f (θ̂ | θ) dθ̂.
(9) imply a greater difference between the times for tongue to
lands at. That is, we are trying to determine

−∞

reach prey from an angled or a straight shot, or a smaller
difference in angular velocities of the head and tongue.
We find that increasing α makes the probability of
head-turning higher, and increases the range of angles
for which there is a non-zero probability of head-turning.
See Figure 1.
Now that the behavior of the model is better understood, the model will be compared to real-world data [7].
In the actual experiment, the frogs would always combine movement of the tongue and the head when aiming
This leaves us with a Heaviside step function, giving us
at prey [7]. To convert such data to a form consistent
Z ∞
with the model, a given aim was considered a head aim
Phead (θ) =
H(|θ̂| − α)f (θ̂ | θ) dθ̂.
if the head rotated more than the tongue.
−∞
To model the distribution of the data, a histogram of
But we know H(|θ̂|−α) will be zero for θ̂ ≥ α and θ̂ ≤ −α, the data [7] was created. In order for the data to more
accurately represent a probability, the ratio of head aims
and 1 elsewhere, resulting in
to total aims for each angle range was calculated.
Z α
Given the 88 data points, 8 different angle ranges were
Phead (θ) =
f (θ̂ | θ) dθ̂.
used
to bin the data and best show a trend.
−α
The Markov chain corresponds to the assumption that
the frog only uses the angle at which it senses the prey,
θ̂, when determining whether to turn its head or not.
We know given the setup of the problem that
(
0 |θ̂| < α,
P r(|θ̂| < α | θ̂) =
(10)
1 |θ̂| ≥ α.

www.sporajournal.org
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Figure 4: Log of variance of frog perceived prey angle as
a function of the prey angle, θ, for various α values using the experimental data to determine angle-dependent
variance.
Figure 1: Normalized probability distribution with σ =
30 for varying α-values as a function of prey angle, θ. As
To match the model to the points from Figure 2, Matangle increases, no matter α, the probability that the frog lab’s fminsearch function was used in conjunction with
turns its head decreases.
visual inspection to determine the values of α and σ that
would minimize the mean squared error of the model.
From Figure 3, it is apparent that the model developed
does not match the data. Our model so far predicts that
the probability of head turning is monotonic in prey angle,
while the data show some evidence of non-monotonicity.
Additionally, the data has a non-zero asymptote as prey
angle increases.
We modify our model to better fit the data by allowing an eccentricity-dependent variance in perception of
prey angle, mirroring known facts of the visual systems
of many animals. Recall Equation (11):
 



1
θ+α
θ−α
√
√
Phead (θ) =
erf
− erf
.
2
2σ
2σ
Figure 2: Scaled 8-bin histogram of frog aiming data. θ
represents the prey angle. Unlike Figure 1, we see a non- Into this equation, we plug our 8 pairs of angle/headmonotonic dependence of probability of head-turning on turning probability from the data (Figure 2), solve for
σ, and square it to obtain the variance. This system is
prey angle θ.
underdetermined in that the fitted variance will depend
on α. We find in Figure 4 that variance tends to increase
with eccentricity no matter the α past a certain minimal
prey angle θ of around 40◦ .

5

Discussion

We developed a normative model of prey-catching behavior in frogs based on minimization of time to prey. In
our model, changing the rotation speed of the head and
tongue, the shooting speed of a straight-shot tongue and
an angled tongue, and the variance of the perceived prey
angle resulted in significant changes to the probability the
Figure 3: Scaled 8-bin histogram points of frog aiming frog would choose a certain aiming method, as we would
data with model. Values α = 60 and σ = 20 were used expect. Most of these parameters only affected the prefor the model. θ represents the absolute value of the prey dicted behavior via a single parameter, α.
Our first model—which assumed a fixed noisiness to
angle.
perception of prey angle with eccentricity—did not match
www.sporajournal.org
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the data. To understand why the prediction does not
match the data, the simplicity of our model must be considered. First, when attempting to catch prey, frogs turn
both their head and tongue. This phenomenon cannot be
explained by this normative model. Simply put, under
our current model of how much time is taken to rotate
of the tongue and head, rotating both the tongue and
head would necessarily be worse than rotating either the
tongue or head; extra time would be taken starting the
rotation, and either the tongue rotation or head rotation would have a slower speed. Hence, we have coded a
frog’s prey-catching behavior based on whether the head
or tongue rotated more. However, the normative principle might predict partial rotations of the tongue or head
if more complicated mechanics of motion are considered.
Second, the frogs of the species being considered, Dyscophus guineti, have a biomechanical constraint in that they
cannot turn their heads more than about 50 degrees,
meaning any prey angle greater than 50 degrees cannot be
a head-only aim [6]. Additionally, the speed of the head
and tongue are not independent functions. Head rotation
in frogs has been shown to accelerate tongue rotation,
thus making the two dependent on one another [7]. The
variance of the perceived prey angle may be a function
of the angle at which the prey lands, as presumably frogs
do not see equally well in all directions. We must also
consider how the number of different variables that play
into how a frog catches its prey is rather large compared
to the 88 data points we had to compare with our model.
Finally, a key assumption that went into the model was
that the frog seeks to minimize time when catching prey,
but this is not necessarily the driving force of the frog’s
prey-catching decisions.
It was difficult to take into account all of these factors,
but we did weaken the assumption about the eccentricity
dependence of noisiness in sensory perception. When our
first model was modified to better fit the data by allowing for an eccentricity-dependent variance of prey angle
perception, we noticed from Figure 4 a general positive
correlation between angle and variance beyond a certain
prey angle of around 40◦ . Such trend matches previous
discoveries that resolution decreases with increasing angle of visual stimulus [10]. Retinal ganglion cell density
is associated with visual acuity, implying higher ganglion
cell density is negatively correlated with variance in perceived prey location. Previous experiments have demonstrated a maximum in ganglion cell density at an intermediate location in the retina, qualitatively matching the
trend in Figure 4 [5]. Resolution is affected more than
detection at greater eccentricities, implying that while
the frog can still detect prey at an angle far from center, the frog has greater uncertainty around the exact
location of the prey [3]. The trend of decreasing prey angle dissipates/weakens—depending on α value—at a prey
www.sporajournal.org
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angle of 97.5 degrees. This can be explained by a new input of information at that location. In the Monroy and
Nishiwaka experiment from which the data came, at angles around 100 degrees and greater, the prey could touch
the forelimbs of the frog due to the angle and location of
the limbs. Such contact gives additional information as
to the location of the prey, making the frogs perception
at those larger angles more accurate, in turn decreasing
the variance.
Future research into this topic could include a more
complex mathematical model, involving another potential
prey-catching mechanism that includes both tongue and
head rotating, biomechanical constraints of head motion,
different models of tongue and head motion that might include angular acceleration, a different objective function
that includes perceived prey distance, and dependence of
tongue rotation speed on head rotation speed.
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